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1. Introduction 

Sixteen is the maximal number of supercharges that can be accommodated in a theory with 
particle multiplets of spin s < 1. Such theories are extremely constrained and much is known 
or surmised about them. The Q = 16 SU{N) gauge theory in d = 4 dimensions, known 
as AA = 4 supersymmetry, is believed to be finite and superconformal, possessing monopole 
and dyon excitations [1,2], as well as a discrete SL(2,Z) symmetry generalizing electric- 
magnetic duality [3,4] which exchanges weak and strong coupling. In the large N limit, the 
theory is conjectured to be equivalent to supergravity in AdS^ space [5-7]. The d = 3 theory 
with Q = 16 supercharges is expected to have a nontrivial infrared fixed point [8], while in 
d = 1 and d = 0 dimensions, the respective quantum mechanical and matrix theories are 
conjectured to be related in the large-limit to M-theory [9,10]. Despite the intense interest 
in these theories, and the obvious need for a nonperturbative dehnition, none existed until 
their construction on a spatial lattice in ref. [11]. In this paper we continue the program of 
refs. [12,13] and show how the Q = 16 supercharge theories may be constructed on Euclidean 
spacetime lattices; as we shall show, the A*^ structure of the lattices we construct have a 
particularly elegant structure^. 

The challenge confronting attempts to put these and other supersymmetric Yang-Mills 
(SYM) theories on the lattice has been how to maintain enough supersymmetry in the absence 
of continuous translations in order to forbid the numerous relevant operators which violate 
the symmetries of the desired continuum theory. Obvious and egregious examples of such 
unwanted operators are mass terms for the scalar partners of the gauge bosons; only some 
sort of residual supersymmetry can forbid such operators. However, early attempts to con¬ 
struct supersymmetric lattices failed to yield Lorentz invariant continuum field theories [17]. 
Recently two approaches have been developed for constructing lattices respecting exact su¬ 
persymmetries, which yield Lorentz invariant supersymmetric theories in the continuum with 
either no or little fine tuning. The approach pioneered by Catterall and collaborators and 
followed up by Sugino starts with nilpotent charges which form a subset of the supercharges 
of the target theory [18-25]. The approach followed here creates the lattice theories by per¬ 
forming an orbifold projection on supersymmetric matrix models obtained by dimensionally 
reducing SYM theories in various dimensions [11-13]; for a review see [14]. The projection 
creates a lattice action while preserving some of the supersymmetries of the matrix model. 

^Some of the results appearing in this paper were presented quite some time ago in conference proceedings 
[14] and public lectures [15], [16], however the details of the construction have not been presented before. 
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The theories have a degenerate manifold of ground states in the infinite volume limit (the 
moduli space), where the distance from the origin in moduli space is identified as the inverse 
lattice spacing of the theory. The continuum limit is thus defined as a trajectory out to 
infinity in the moduli space, and the result is a SYM field theory. Again, the exact super- 
symmetries of the lattice guarantee that the continuum limit can be achieved with little or 
no fine tuning. This method for constructing supersymmetric lattice theories has its origins 
in orbifold projection methods of string theory [26] and deconstruction [27-29]. In the next 
section we address generalities of the construction, and then we discuss each case in turn, 
from dimension d = 4 down to d = 1. 

2. The mother theory and the orbifold projection 
2.1 The mother theory 

Our starting point is the Q = 16 mother theory, which is the dimensional reduction of N=1 
SYM with gauge group Q from ten Euclidean dimensions down to zero dimensions. The 
mother theory is a theory of matrices — ten bosonic and sixteen Grassmann — and inherits 
the sixteen supersymmetries as well as the Q x 50(10) symmetry of its ten-dimensional 
precursor. Each of the bosons and fermions transform as an adjoint under Q, while under the 
50(10) symmetry they transform as the 10 and 16 representations respectively. We choose 
a Hermitean chiral basis for the ten, 32-dimensional gamma matrices Tq, of 50(10), and the 
chirality matrix Tn satisfying 

10 

{r«, T/j} = 2dQ,/3, Tq, = r),,, rii = —iJjTo,. (2.1) 

q :=1 

The generators of 50(10) transformations are given by 

^ [r^jT/?] > (2-2) 

and the charge conjugation matrix C satisfies 

O-^T^O = -Tl , Ot = O-^ = O . (2.3) 

For greater ease in comparing lattice and continuum theories, we will choose the conven¬ 
tion 

-Tm m = l,...,5 

+Tm m = 6, ...,10 

allowing us to define the charge conjugation matrix as 

5 

o = n r™ . 

m=l 



(2.4) 


(2.5) 


3 



For an explicit F matrix basis worked out in detail, see Appendix 

We define a left-handed Grassmann spinor uj = -t-Fno; which is written as a 32-component 
Dirac spinor, but which only has 16 independent components and transforms as the irreducible 
16 representation of S'O(IO). We also introduce a real bosonic variable Va transforming as 
the 10 representation of S'O(IO). Then the action of the mother theory may be written as 

S' = ^ (|Tr Val3Va0 -h ^Tr w^CFa [va,uj] ^ (2.6) 

where Va^ = i[va,vp]. In this expression u> = co°'Ta and Va = V^Ta are matrices, where are 
the hermitean generators of G in the defining representation of G, normalized so that 


Tr TaTb = 5ab ■ 


(2.7) 


The global Gr = 50(10) symmetry of the above action is just the ten dimensional 
Lorentz symmetry transmuted to a global symmetry of the zero dimensional mother theory. 
Explicitly, the fermionic and bosonic fields transform under 50(10) as 

Lo Glto, 4 ^ Gl ^ = TaVa , D G 50(10) . (2.8) 


One can also show that the action eq. (^) is invariant under the supersymmetry trans¬ 
formation. 


SVa = -K^CVaUJ , 5uj = iVapMalsK , (2.9) 

where k is a chiral Grassmann spinor satisfying Fuk = +k with 16 independent components 
parameterizing the Q = 16 supersymmetry of the mother theory. Note that the supersymme¬ 
try transformations do not commute with 50(10), and that k (and hence the supercharges) 
transform as a 16. 

2.2 Specifying the orbifold projection 

The procedure of creating lattices by using the orbifold projection technique has been ex¬ 
plained in detail in [12,13], and we summarize it briefly here. To construct the a d-dimensional 
lattice with N sites in each direction for a target theory possessing a U{k) gauge symmetry 
and in the continuum, we choose the group G of the mother theory to be ^ = U{kN'^). Each 
of the variables of the mother theory are therefore feN'^-dimension matrices. We then project 
out all variables in the mother theory which are charged under a certain Zfj subgroup of the 
U{kN'^) X 50(10) symmetry of the mother theory, and the action written in terms of the 
surviving variables has a natural lattice interpretation. The structure and symmetries of the 
lattice depend on the embedding of the discrete Zfj subgroup. 

The embedding of the discrete Zf^ subgroup within U{kN^) is given by the natural 
decomposition U{k)^'^ x Zfj. It is convenient to consider each one of the bosonic or fermionic 
matrices of the mother theory, which we will refer to generically as ‘h, to be a matrix consisting 
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of N‘^'^ independent k x k blocks. These blocks can be written as <hm,n) where m and n are 
two independent d-dimensional vectors with integer components, each of which run from 1 
to N. This action of the mother theory eq. (2.6) can be considered as an extremely nonlocal 
lattice action in d-dimensions, where each site is labeled by a d-dimensional integer vector 
m, and each nonzero block is a a k x k matrix valued lattice variable living on the link 


between sites m and n. In the case where m = n, the diagonal 


block is a variable 


sitting at the site m. 

The orbifold projection sets most of these lattice blocks to zero. In particular, each <I> 
variable is assigned a Zf^ charge r according to its weight vector in 50(10), where r is a d- 
component vector with integer coefficients running from 1 to N. The exact relation between 
r and the 50(10) weights will be discussed further below. The orbifold projection then sets 
to zero all blocks not satisfying n = m -|- r. If all components of the r vectors equal 

zero or ±1, then the action eq. (|2.6| ) written in terms of the projected variables will look like 
a very local lattice action. 

The projection breaks the original Q = U{kN'^) symmetry of the mother theory down 
to an independent U{k) symmetry associated with each lattice site, which constitutes the 
lattice version of a U{k) gauge symmetry. Each site variable transforms as an adjoint under 
the local U{k) symmetry, while each link variable transforms as a bifundamental (□, □) or its 
conjugate under the U{h) x U{k) symmetries associated with the endpoints of the links. 

The orbifold projection breaks some or all of the supersymmetries of the mother theory. 
That is because the supercharges are transform as a spinor under 50(10), but are ^-invariant. 
Thus only supercharges with r = 0 survive the orbifold projection. 

It remains to specify how the r charges are related to the 50(10) symmetry. Our choice 
of how to embed the Z'^ symmetry into 50(10) is guided by three principles; 


1. Since we will eventually take N —> oo, the embedding must take the form Zf^ £ 0(1)'^ £ 
50(10); 

2. Supersymmetry generators Q are ^-invariant and transform as a 16 of 50(10). There¬ 
fore, in order to break as few supersymmetries as possible, for any lattice dimension d 
we will want to maximize the number of elements in the spinor of 50(10) which are 
singlets under the Zfj symmetry {e.g. which have r = 0); 

3. Lattice variables associated with the surviving (m, n) = (m, m -|- r) block of a mother 
theory variable <I> resides on the link between sites m and m -|- r. Therefore, in order 
to keep the lattice action as local as possible, we want the components of r to all be 0 
or ±1, to avoid having link variables connecting distant sites. 


The first point implies that the Z'^ orbifold group should be embedded within the 1/(1)® 
Cartan subgroup of 50(10). It immediately follows that the maximum lattice dimension 
we could construct in this manner is d = 5. (We will see that requiring that the lattice be 
supersymmetric will actually constrain the maximum dimension to be d = 4). We can take 
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the five generators qm of this U{1)^ symmetry to be 

Qm — i m = 1, . . . , 5 (2.10) 

corresponding to rotations in the Xm — Xm+b plane in a ten dimensional space. 

The hve complex bosonic fields 

^'^m+5)/V^ j Zm — T *'^m+5)/V^ 

are eigenstates of the U{1)^ symmetry generated by the Qm, where Zm has charge Qn = Smn, 
and Zm has charge Qn = —Smn- 

The charges of the fermions are determined by defining the anticommuting raising and 
lowering operators 

= i (Tm - iTm+s), = \ {^ m + m+b) m = l,...,5, (2.12) 

which satisfy the relations 

= 0, = C, (2.13) 


familiar as the algebra of fermionic ladder operators. The spinor representation is then 
constructed in a Fock space of five different species of one-component fermion, each of which 
has occupation number zero or one. The operators forming Cartan subalgebra of S'O(IO) can 
be expressed in terms of these fermionic raising and lowering operators as 

qm = Mm,m+b = “ 5 ) (^o sum on m). (2.14) 

The 32-dimensional reducible spinor representation thus consists of the states with qm charges 

I ± ±^) (2.15) 


The 16-dimensional irreducible representations are found by projecting out those states with 
Til = il. As Til = m), the 16 of S'O(IO) consists of states with qm 

charges given by the 32 states in eq. (|2.15), subject to the additional constraint 


2qm — +1 


(2.16) 


m=l 


The Zff orbifold symmetry is then embedded in S'O(IO) by defining the r charges in 
terms of the five qm- The three guidelines above may be economically satisfied if we define 


XfM = q^l - qd+i , /U = l...,d<4. (2.17) 

With this definition we see that each of the components of r only assumes the values ±1 or 0 for 
any of the bosonic or fermionic variables of the mother theory. This fulfills our requirement 
that the orbifold projection be chosen so that there are only neighbor interactions on the 
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resulting lattice. Furthermore, it follows that 2^“^ of the sixteen fermions have vanishing r, 
which is the maximum possible. With the above definition of r we can construct d-dimensional 
local lattices with unbroken supercharges. We will consider below all the lattices with 
d < 4, and will display the r charges explicitly in each case. 

The d r charges generate the Cartan subgroup of an SU{d + 1) subgroup of the original 
50(10), an observation which proves useful in constructing the lattice theories, as it implies 
that the position on the lattice assigned to each variable is determined by its SU (d+1) weight. 
To see this, note that the anticommutation relations eq. ( |2.13| ) imply that the operators 

fa = AliTarnA^ , m,n = l,...,5, (2.18) 


satisfy the commutation relations 


Ta, Tb 


= Al [Ta,n]ZA^ . 


The components of r defined in eq. (2.17) may be written as 

r, = Al{R,rnA\ {R^Tn = " ^ 5 ^) , 


/x= l,...,d. 


(2.19) 


( 2 . 20 ) 


Since the R^ matrices are linearly independent, real, diagonal and traceless, it follows that 
the four r charges generate the Cartan subalgebra of an SU{d + 1) subgroup of 50(10). 


2.3 From orbifold projection to spacetime lattice 


As described above, the orbifold projection gives rise to an action which can be conveniently 
described as a lattice action, assigning variables to links and sites of a d-dimensional lattice 
as determined by their r charges. However, at this point the lattice does not resemble a 
spacetime lattice (for example, the action derived from eq. (|2.6|) has only cubic and quartic 
terms, and nothing resembling a kinetic “hopping term”. Furthermore, there is no intrinsic 
dimensionful scale in the action, and hence no metric or definition of distance given to our 
lattice links. All that is defined by the action of the orbifold theory is a connectivity. This 
can be made precise by recognizing that the m and n = m -|- r vectors are not themselves 
lattice vectors. Instead, the lattice point m resides at spacetime point x = Yha = m • e, 
where the Ca are a complete set of lattice vectors, to be specihed^. Similarly, link variables 
associated with the vector r reside on links corresponding to the spacetime vector r • e. 

As seen in earlier examples [11-14], turning the orbifold lattice into a spacetime lattice 
is accomplished by expanding the orbifold projected action about a certain point in moduli 
space. The vacuum expectation values of the bosonic link variables at this point in moduli 
space are interpreted as the inverse lengths of the corresponding links of the spacetime lattice, 
and the continuum limit is taken by moving out to infinity in moduli space Expanding 


^The integer valued d-vectors such as m and r are represented in bold-face; d-dimensional spacetime vectors 
such as X or el are denoted with a vector. The complete set of d, d-dimensional lattice vectors is e. 

®The moduli space is the set of orbifold projected matrices for which the lattice action eq. (2.6) vanishes. 
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about different points in moduli space can leave intact different symmetries, and correspond 
to different spacetime lattice structures. For example, if we were to choose the point where the 
Zm and 2™ variables were equal and proportional to the identity matrix for those with = 5ai 
for i = 1,... ,d, with all other bosonic variables vanishing, the resultant d-dimensional lattice 
would be hypercubic, with various diagonal link variables. However, as we will show below, 
the most symmetric choice corresponds to not to an lattice, rather than a hypercubic one. 

We now turn to the explicit construction of the supersymmetric lattices in dimensions 
d = 1,... ,4. In particular, we write down the orbifold action for dimension d, and make 
explicit the exact supersymmetry retained on the lattice. We then show how the desired 
target theory is obtained at the classical level as one travels along the trajectory in moduli 
space, described in the previous section, making explicit the peculiar way in which the lattice 
variables assemble themselves into the continuum variables of the Q = 16 target theory, which 
typically form large multiplets of both supersymmetry and a chiral ii-symmetry. For more 
information about these target theories, we refer the reader to ref. [8]. 

3. Construction of the lattice in four dimensions 
3.1 The target theory 

For d = 4 the continuum target theory with Q = 16 supercharges is AA = 4 SYM theory with a 
U{k) gauge group. The action for this theory can be simply obtained by dimensional reduction 
of the simple N = 1 SYM theory in ten dimensions down to four dimensions. The action 
therefore possesses a global x 50(6) symmetry inherited by dimensional reduction 

(where the 50(4) ~ 51/(2) x SU{2) is the Euclidean version of the Lorentz symmetry, and 
50(6) ~ 51/(4) is called the //-symmetry of the theory). The gauge fields Va of the ten¬ 
dimensional theory reduce to four gauge fields in four dimensions, plus six scalar fields 
Sa- The sixteen component gaugino O of the ten-dimensional theory reduces to four complex 
Weyl doublet fermions. The transformations of these fields is 

(3.1) 

In order to make a direct connection between the lattice and the continuum theory, it is 
simplest to express the target action in four dimensions in a notation that retains some of 
the structure inherited from ten dimensions. Therefore we write the action for A/ = 4 SYM 
in four dimensions as^ 

^target = J Tr W + \ [Sa, Sbf 

^In the above equation, and throughout this section we adopt the convention that repeated indices are 
summed, where a,f3... are S'O(IO) indices summed over 1,..., 10; the indices ... are S'Ofl) spacetime 
indices summed over 1,..., 4; the indices a,b, ... are SO{6) //-symmetry indices summed over 1,..., 6; and 
m,n, ... are SU (5) indices summed 1,..., 5. 
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(3.2) 


+—C f ^ W + — UJ^ C f 4_|_a [5a, o)]^ 

Here we have introduced 50(10) gamma matrices and charge conjugation matrix C 
The 50(4) x 50(6) invariance of the above theory is manifest. 


3.2 The mother theory in SU{5) x 0(1) multiplets 

To create a four dimensional lattice from the Q = 16 mother theory, we orbifold by Zf^, where 
the four Zjv transformations are determined by the four-vector r charges defined in eq. ( p.l7|) 
with d = 4. As we showed in ^2.2| , the r charges generate the Cartan subgroup of the SU (5) 
subgroup of the original 50(10) symmetry of the mother theory, and that the assignment 
of variables of the mother theory onto links and sites of the lattice follows from their SU (5) 
weights. It is convenient therefore to decompose the variables of the mother theory under the 
subgroup 50(5) x 0(1) e 50(10), where the 0(1) is generated by 


Qo^'^Qm (0(1) generator) , 


(3.3) 


m=l 


where the qm are defined in eq. ( p.lO ); Qq generates a rotation in all of the m, m + 5 planes 
of the ten dimensional space simultaneously. 

The bosons Va transform as a 10 of 50(10) and decompose under as the 50(5) x 0(1) 
subgroup as 


10 


z ~ 5i © 5_i 


(3.4) 


It should be evident that the Zm and Zm variables defined in eq. ( 2.11 ) have 0(1) charges 
Qo = +1 and Qq = —1 respectively, and so it must be that Zm ~ 5i and Zm ~ 5_i. As for the 
fermions, the variable a; of the mother theory, transforming as a 16 of 50(10), decomposes 
under 50(5) x 0(1) as 


UJ 


16 


A© V'® ^ 


Is 

2 


lOi 

2 


(3.5) 


To perform this decomposition of u) explicitly we use the fermionic ladder operators and 
aJti defined in eq. (|2.12D . The SU{5) generators are given by fa = {A^T°‘A) in eq. (|2.18|) , and 
the 0(1) generator is given by Qq = (—| + Ylm^rnA'^), combining eq. (^^) and eq. (p.l4 ). 
For any particular basis for the 50(10) T matrices one can then find a normalized spinor z^_|_ 
annihilated by all of the Ain- 


= 0 > ^ 1 ^^+ = 1 


(3.6) 


“These matrices appear with tildes to indicate a difference in basis from that chosen for the mother theory 
in eq. (2.6). In fact, when we establish the correspondence between lattice and continuum fermion variables, 
we will identify the similarity transformation between the two bases F and F. 
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Note that Qoi'+ = +|, and that applying to a lowering operator Am decreases the Qq 
charge by one unit. The variable oj may then be expanded as 


LO 


= (a + Un Z.+ 


(3.7) 


with A, ^mn and transforming under SU{5) x ?7(1) as the Is, lOi and 5_3 respectively. 


Written in terms of this SU{5) x U{1) decomposition, the action of the mother theory eq. (2.6) 
becomes 


S = \tt 


[E + [z^,Z^][ZnrZm^ 

+ V2 (x[Zm,^l^n - Un[z^,r] + 


(3.8) 


The Qm and r charges of each of these variables is easily computed, using eq. ( 2.14 ) and 
eq. (2.17); the results are shown below in Table |^. 

The correspondence between the r charges and the SU (5) tensor notation is made explicit 
by defining the five vectors 


Ml = {1,0,0,0} , 

= 10 , 1 , 0 , 0 } 

Ms = {0,0,1,0} 

M4 = {0,0,0,1} 

Ms = {-1,-1,-1,-1} . (3.9) 

The utility of the Hm vectors is that they specify the r charge directly in terms of the SU (5) 
tensor indices: for each variable the r charge is given by a sum of fXm for each upper SU (5) 
index m, and —Mm fo^' each lower index m. Thus, as seen in Table ||, and V’™' have r = fim', 
while Zm has r = —fJ-m^ ^mn has r = —{Hm + Mn) ^^0 A has r = 0. 


3.3 Manifest Q = 1 supersymmetry of the mother theory 

The above action eq. ( |3.^ ) is just a rewriting of the mother theory eq. ( p.6| ) in terms of new 
variables, and so it respects the full sixteen independent supersymmetry transformations of 
eq. (|2.9|) , which are parametrized by the constant Grassmann spinor At, transforming as a 16 
under S'O(IO). After the orbifold projection by only a single supersymmetry remains 

intact, corresponding to that component of k which has r = 0. This surviving supersymmetry 
corresponds to 

K = rjVj^ , (3.10) 

where ?? is a Grassmann number, and z/_|_ is the constant 50(10) spinor defined in eq. (|3.6D . 
This sole surviving supersymmetry transformation, in terms of our new variables, is 

5z^ = 
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Qo 


92 

93 

94 

95 

r 


1 

1 

0 

0 

0 

0 

{1,0,0,0} 

= 


^2 

1 

0 

1 

0 

0 

0 

10,1,0,0} 

= 

/^2 

^3 

1 

0 

0 

1 

0 

0 

10,0,1,0} 

= 

/^3 

Z4 

1 

0 

0 

0 

1 

0 

10,0,0,1} 

= 



1 

0 

0 

0 

0 

1 

1-1,-1,-1,-!} 

= 

fJ-b 


-1 

-1 

0 

0 

0 

0 

1-1,0,0,0} 

= 

- fJ-l 

^2 

-1 

0 

-1 

0 

0 

0 

{0,-1,0,0} 

= 

~ t ^2 

^3 

-1 

0 

0 

-1 

0 

0 

{0,0,-1,0} 

= 

-/^3 

Zi 

-1 

0 

0 

0 

-1 

0 

{0,0,0,-!} 

= 

-/I4 

Zb 

-1 

0 

0 

0 

0 

-1 

{1,1,1,!} 

= 

~ t^b 

A 

5 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{0,0,0,0} 

= 

0 

tpi 

3 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 1 , 0 , 0 , 0 } 

= 

Ml 

' lp 2 

3 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 0 , 1 , 0 , 0 } 

= 

M2 


3 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 0 , 0 , 1 , 0 } 

= 

Ms 


3 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 0 , 0 , 0 ,!} 

= 

M4 

V'S 

3 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{- 1 ,- 1 ,- 1 ,- 1 } 

= 

Ms 

62 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{- 1 ,- 1 , 0 , 0 } 

= 

-Ml - M2 

63 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{- 1 , 0 ,- 1 , 0 } 

= 

-Ml - Ms 

64 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{- 1 , 0 , 0 ,-!} 

= 

-Ml - fJ - 4 . 

^23 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 0 ,-l,-l, 0 } 

= 

—M2 — Ms 

^24 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 0 ,-l, 0 ,-l} 

= 

-M2 - M4 

64 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 0 , 0 ,- 1 ,- 1 } 

= 

-Ms - M4 

65 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 0 , 1 , 1 ,!} 

= 

-Ml - Ms 

65 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 1 , 0 , 1 ,!} 

= 

-M2 - Ms 

C35 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 1 , 1 , 0 ,!} 

= 

-Ms - Ms 

^45 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

1 

2 

{ 1 , 1 , 1 , 0 } 

= 

-M4 - Ms 


Table 1: The Qo, Qm and — 95 ) charges of the bosonic variables v and fermionic variables uj 

of the Q = 16 mother theory under the «S'O(10) D SU{5) decomposition n = lO^505 = z’”0 Zm, 
and a; = 16^l050lO = A0 0 ^mn- 


5X = -irjlzm^z""] 

= 0 

— 2irj [Zm: Zn\ (3.11) 

where m,n = 1... 5 and repeated indices are summed. 

We now rewrite the mother theory action eq. ( |3.8D in a superfield formalism which makes 
this Q = 1 supersymmetry manifest. By doing this before the orbifold projection, it makes it 
quite easy to see the exact supersymmetry of the lattice theory after the orbifold projection. 
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We introduce a Grassmann valued coordinate 6 and nilpotent supersymmetry charge Q which 
generates the above supersymmetry transformations 


5 = irjQ , 




(3.12) 


The transformations eq. (3.11) can then be realized in terms of following superfields 


= Z^ + 

A = A - 9{[zm, z^] + id) 

^mn — ^mn 20 [Zm; ^n] j 


(3.13) 


along with the singlet z^, where we have introduced an auxiliary field d and modified the 
transformation of A such that 


5\ = -ir] {[zmi z^] +id) 

6d = iS {[zm, z'^]) = -V2r] [zm, V’™] , 


(3.14) 


allowing the supersymmetry to close off-shell (this is necessary, since 6 as defined in eq. (3.11) 
does not satisfy 5^ = 0 without invoking the equations of motion, as we see below). 

In terms of these superfields, the action for mother theory eq. ( p.^ ) is written in manifestly 
Q = 1 invariant form as 


S = 


1 


■Tr 


de 


^Acl^A A[zm 


Z m] I ^ n rv™ '7*^ 

J T 1 ^ 


I T^ ^mnpqri; 


‘-p; ■—'(jrj 


(3.15) 


The last term in the action is not integrated over 0; that it is supersymmetric may be shown 
by means of the Jacobi identity of the Lie algebra which implies 


d 

_^mnprq^ r- ^ 1—0 

QQ^ ^rnn[Zp, ^qr\ — o . 


(3.16) 


Thus this term is 0 independent and hence supersymmetric. 

One can readily verify that the action eq. ( |3.15 ) in component form is equivalent to 
eq. ( |3.8D , except for the addition of a new term involving the auxiliary field, ^ Tr d^. By 
differentiating S by d and by A one finds the equations of motion d = 0 and = 0 

respectively. The latter equals 6d by eq. o, and so that the off-shell supersymmetry trans¬ 
formations eq. ( ^.14 ) are consistent with the supersymmetry of the mother theory eq. ( |3.11 ) 
after invoking the equations of motion. The auxiliary field d fulfills here an analogous role 
to that played by auxiliary fields in the more familiar four dimensional supersymmetric field 
theories. 


3.4 The D = A, Q = 1 lattice action and its symmetries 

The charges given in Table || make it simple to write down the action of the lattice theory 
that results from the orbifold projection. In component form, the result is 
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^ n L 

^ I 2 

+ |z-(n)z-(n + AAj-z-(n)z™(n + /xJ 

m,n=l 

- v/2(An(A,I^,V’™) + An(Un,z”^,V'") + ^e™"An(Un, ^p, ^,r)) 


(3.17) 

We have introduced the labeling convention that z™’(n), ?/)"*(n) and Im(n) live on the same 
link, running between site n and site (n + similarly ^mn(n) lives on the link between 

sites n and (n + + fi^), while A(n) resides at the site n. The site vector n, a four-vector 

with integer-valued components, should be distinguished from SU{5) indices n. 

We have introduced the triangular plaquette function An defined as: 


An(A, Zm, Ip"") = - A(n) (^Zjn{n - /x^)V’™(n - - ^p"^{n)zmin)'^ , 

An(?mn, z^,^p'^) =^mn(n) (n)t/)”(n fi^) - ip^{n)z^{n + fljj , 

An('Cmn) Zp, ^qr) = ~ {^Zp(l\ — fJ,p)^qr{n -|- /X^) 

- Cgr(n - ^lq- ^^r)Zp{^^ + ^^m + ^^n}) 


(3.18) 


Note that A corresponds to the signed sum of two terms, each of which is a string of three 
variables along a closed and oriented path on the lattice, with the sign determined by the 
orientation of the path. As discussed in § there is a t/ {k) gauge symmetry associated with 
each site, with A(n) transforming as an adjoint, while the oriented link variables transform as 
bifundamentals under the two U{k) groups associated with the originating and destination 
sites of the link. A string of variables along any closed path on the lattice, such as we see 
in the definition of A, is gauge invariant. In the continuum limit, the A terms will form the 
gaugino hopping terms and Yukawa couplings of the Q = 16 SYM theory. 

It is now simple to write down the action for the lattice theory that results from the 
orbifold projection, in a form which is manifestly Q = 1 supersymmetric. 

After orbifold projection, there are superfields associated with each lattice site n, where 
n is a four component vector of integers, each component ranging from 1 to Y: 


Z”*(n) = z”^(n) + V2eiP'^{-a) 

A(n) = A(n) - 6 ([lm(n - ^l^)z'^{Y^ - /x^) - ^”"(11)1^(11)] -h id(n)) 

‘^mn(ll) — ^mn(^) 20 [Zm(n T k‘n)Zn(jP) ■2'n(ll T t^m)Zm{^)] (3.19) 


In addition there is the singlet field Zmin). In the above expressions, subscripts and super¬ 
scripts m, n = 1,..., 5 and repeated indices are summed over. Note that the superfields are 
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not entirely local, and that in the continuum they will depend on derivatives of fields as well 
as the fields themselves. 

The lattice action we obtained may be written in manifestly Q = 1 supersymmetric form 
as 


5 = ^ Tr ^ y de ( --A(n)5eA(n) - A(n) - Z"*(n)zm(n) 


^/2 


+-we 


mnpqr 


+ -H^.(n) [Z-(n)Z"(n + - Z"(n)Z™(n + 

Hm„(n) Zp{n - fX )Sqrin + Hm + fj-n) - 3gr(n - fj-q- 


(3.20) 


The auxiliary field d(n) has no hopping term, and after eliminating it by the equations of 
motion on can show that the above action in terms of superfields is equivalent to the lattice 
action given in component form in eq. ( 3.17 ). 

The purpose for formulating the action in the supersymmetric form is to facilitate analysis 
of allowed operators and the continuum limit of the lattice theory. 


3.5 The continuum limit for d = 4 lattice: tree level 

The lattice defined by the orbifold projection cannot be directly considered to be a spacetime 
lattice, as all terms in the lattice action eq. (3.20) are trilinear and conventional hopping 
terms are absent. To generate a spacetime lattice and take the continuum limit one must 
follow the example of deconstruction [27] and follow a particular trajectory out to infinity in 
the moduli space of the theory, interpreting the distance from the origin of moduli space as 
the inverse lattice spacing. 

As can be seen in eq. the moduli space in the present theory corresponds to all 

values for the bosonic z variables such that 


(3.21) 


0 = ^ Tr i (z^(n - At^)z”"(n - 

n m 

+ ^1 2:”"(n)2;’"(n + /r^) - z'^{n)z^{n + /r„) 


m,n 


3.5.1 A hypercubic lattice 

There are clearly a large class of solutions to these equations. One possibility is 

1 


(n) = Zmin) = 


iV2 


m = 1,... ,4, 


z^{n) = 2:5(n) = 0 , 


(3.22) 


where a is the length scale associated with the lattice spacing, interpreted as the physical 
length (up to a factor of 4/5) of the links on which Zm and z'^ variables reside, for m = 1,..., 4. 
Such a lattice can be interpreted as a hypercubic lattice of length a on an edge, since the r 
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charges for these variables correspond to Cartesian unit vectors, as seen in Table |T[ In this 
case, the physical location of site n is simply the four-vector R = an. Because the ^mn-, ^5 

and 'i/’^ variables reside on various diagonal links of this hypercubic lattice, and all links are 
oriented, the symmetry of the lattice action is S 4 , much smaller than the hypercubic group. 


3.5.2 The lattice 

Instead of the above trajectory, we choose to examine the most symmetric solution, in the 
theory that the greater the symmetry of the spacetime lattice, the fewer relevant or marginal 
operators will exist. A solution which treats all five symmetrically (e.g. which preserves 
an S 5 permutation symmetry) is to have the five links on which they reside correspond to 
the vectors connecting the center of a 4-simplex to its corners. The lattice generated by such 
vectors is known to mathematicians as A^. for a picture of A 3 , see Fig. ^ below. The point 
in moduli space about which we expand is the symmetric point: 


(n) = Zm(n) = ^Ik, m = l,...,5. 


(3.23) 


Once again a is interpreted as the spacetime length of the link that each z'^ resides upon. 
The symmetry of our lattice is S^, corresponding to permutations of the SU{5) indices in 
the mother theory action eq. (3.8), accompanied by fermion phase redefinitions ^ 

V’ —> —i'lp, and A —> iA in the case of odd permutations. The symmetry of the action is not 
the full symmetry of the A| lattice, as reflection symmetries which exchange z and z are not 
symmetries of the action. 

To relate the lattice site n with a physical location in spacetime, we introduce a specific 
basis, in the form of five, four-dimensional lattice vectors 


ei 

e2 

ea 

64 

es 

These vectors satisfy the relations 


J_ J_ J_ ^ 
^^/2’^/6’v/T2’ 
^111 1 


v/2’ \/6’ v/l2’ 
2 1 1 

( 0 . 0 . 0 .-^). 


(3.24) 


5 

^ ^ 6m — 0 , 
m=l 



5 

'y ■ (3.25) 

m=l 


®The A 4 lattice is generated by the simple roots of SU{5) = A 4 ; then A 4 is the dual lattice, generated 
by the fundamental weights of SU{5), or equivalently, by the weights of the defining representation of SU{5). 
Lower dimension analogues are A 2 , the triangular lattice, and T 3 , the body-centered cubic lattice. For further 
discussion, see [30] 
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The lattice vectors eq. ( 3.24 ) are simply related to the SU{5) weights of the 5 representation, 
and the 5x5 matrix can be recognized as the Gram matrix for [30]. 

The site n on our lattice is then defined to be at the spacetime location 


R = o • n) = o ^ 




U=1 


U=1 


(3.26) 


where a is the lattice spacing introduced in eq. (|3.23|) , and the vectors (which have integer 


components) were defined in eq. 


By making use of the fact that Ylm = 0; h is easy 


to show that a small lattice displacement of the form dn = /x^ 
translation by (aom): 


corresponds to a spacetime 


dR = a ^(/Xi, • dn) = a ^(/x^ • /x^) 


= a Gr. 


(3.27) 


u=l 


U=1 


Thus from the last column in Table || one can read off the physical location of each of the 
variables. For example, at the site n = 0, 2^(0) lies on the link directed from R = 0 to 
R = aei, while ^ 45 ( 0 ) lies on the link directed from the site R = 0(04 + 05 ) to the site 


R = 0. From the relation eq. (3.27) we see that each of the five links occupied by the five 


variables has length |a 0 m| = y | a, unlike the case of the hypercubic lattice mentioned 
above, where resided on a link twice as long as the links occupied by the other four z™' 
variables. 

To relate the lattice eq. (3.17) to the continuum target theory, we expand about the point 


eq. (3.23) in inverse powers of the lattice spacing a. The procedure is somewhat awkward, 
as the lattice structure is related to the SU{5) x 17(1) subgroup of S'O(IO), while the target 
theory has a structure determined by the 50(4) x 50(6) subgroup of 50(10). The effort is 
facilitated by introducing the 5x5 real orthogonal matrix £ defined as 


£ = 


/ 

1 

1 

1 

1 


72 

vT 

712 

7 ^ 


1 

1 

1 

1 

1 


■72 

vT 

712 

7 M 

75 


0 

2 

1 

1 

1 


76 

712 

7 ^ 

75 


0 

0 

_^ 

1 

1 


712 

7 ^ 

75 

V 

0 

0 

0 

4 

720 



= {n 




(3.28) 


Note that 5^^, with ^ = 1,.. .4, are the components of the vectors 0 ^, of eq. ( 3.24 ). This 
matrix has the property that 


(E (3.29) 

Vis 0 1" " = ^' 

which serves as a bridge between the 50(5) tensors of the lattice construction, and the 50(4) 
representations of the continuum theory. In terms of this matrix we then define the expansion 
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(3.30) 


of about the point in moduli space eq. 

5 

i 1 

a 


to be 
4 


m=l fi=l ^ 


with 




Su + iVu 


V2 


, // = 1,... ,4 


= 


S5 + iS^ 

~W~ 


(3.31) 


where and Sa are hermitean k x k matrices, and <1> = 4>^. Recall also that Zm = {z^y. 

We now will expand the action eq. ( 3.17 ) to leading order in powers of the lattice spacing 
a, with the goal to show the equivalence in the continuum limit at tree level between our 
lattice action and the target theory action, eq. (3.2). Since the Jacobian of the transformation 
between lattice coordinates n and spacetime coordinates R in eq. ( 3.26| ) equals a^jy/b, we 
first must rescale our coupling g such that 


Vbgl 


lim ^ = \ [ ■ 

5^ V aU 


(3.32) 


Next we consider in turn the terms in the bosonic part of eq. ( 3.171 ). The relation eq. ( 3.27 ) 
dictates that we Taylor expand shifted variables such as z”^(n + as 


^”^(11 + Up) — -^ + (1 + O Op • V) Tmn‘hn(R) + 0{c^) 

a \2 

With this relation, we find for the first term in eq. (3.17) ^ 

1 


(3.33) 




9" 

=^/^RTVl 


{zm{n - /x^)z”*(n - - z^{n)zmin)) 


1 


1 V 2 


+ (1 — a Cm • V)Tmp‘I’j, + 0 (a^)^ 


1 


a\/2 

1 


+ (1 — a Cm • 'V)£rnq^q + 0 {a^) 


(3.34) 


v/2 


T ^mq^q 




— ^ J d^R Tr ^ ^ —-^(e^ Tmn ■ V)(4>n + ^n) + 

=4 [ d^RTr ^{-DpS^ + i[S5,Se] + 0{a))^ 

9 a J 


^We remind the reader of our convention that repeated indices are summed. SU{5) tensor indices are 
denoted by m, n and are summed from 1 to 5; 50(6) vector indices are denoted by a, b and are summed from 
1 to 6; and 50(4) vector indices are denoted by jj,,u and are summed from 1 to 4. 
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where is the covariant derivative of the target theory, 


D^ = d^ + i[V^, •] 


(3.35) 


The second term in eq. (|3.17|) has the expansion 


^y^Tr z"^{n)z^{n + fj, ) — m ^ n 

gl ^ 


n 

1 

al 


d^R Tr 


) ( — 7^ “I" (1 “I" ■ V)£’n(j‘hq + 0{a^) ) — m eT’ n 


1 V 2 


1 V 2 


= i/ 


51 


{D^S, - D,S^) + i{V^, - i[S^, 5,]) 


+ 2 


-D^S5 - i[S^, 56 ]) - iiD^Se - i[S^, 55 ]) 

I I'd^R^ Tr (v;^, + {D^S, - D^S^f + 2{D^S^f + 2{D^Sef - 2zy^,[5^, S,] 

+ 4z[5^, Se]D^S5 - 4i[S^, - [5^, - 2[S^, Ssj" - 2[5^, Se]^ 


at 


(3.36) 

where V^u = —i[D^, D,^] is the nonabelian field strength. In the penultimate line, the expres¬ 
sions inside modulus are split into hermitean and antihermitean parts for convenience. 

Note that neither of the bosonic terms eq. (3.34) nor eq. (3.36) are individually 50(4) x 
50(6) invariant. However, upon adding them one gets the bosonic part of the target theory 
action. 


‘S'boson 9 

54 


Tr 




+ 0{a) 


(3.37) 


This should seem rather miraculous; in this theory the six Sa fields arise from link variables 
transforming nontrivially under the lattice symmetries, yet they become in scalars under 
the 50(4) spacetime rotations, transforming instead under the independent 50(6) global 
i?-symmetry that emerges in the continuum. 

We now turn to the fermionic part of the action 


‘S'fermion 




An(A, I™, ^pn + z™, r) + Je™"An(e™„, Zp, ^,,) 


(3.38) 


where the three triangular plaquette A functions were introduced in eq. (|3.18|). They have 
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the expansions 


-£rnn[Sn,i’^]+i£rn^[SQA"^]] + 0{a) , 
-\/2An(^mn,^”',V'”) = - Cmn (Cm ' V)V’” + ^mp['S’p, V'”] + *^m5['S'e, V'”] + 0{a) , 

2p, i,r) = - J(ep • - 8 pt[St, ^qr] 

o o L 

+ Zl?p5 [5*6, ^gr] + Oifl) . 

(3.39) 

As before, repeated Latin indices are summed 1,... ,5, while bold dot products are between 
four-vectors. The vectors e and matrix £ were defined in eq. (3.24) and eq. ( |3.28| ) respectively. 

In order to make the 50(4) x S'0(6) symmetry manifest, it is convenient to reassemble 
the fermions in a sixteen component spinor A, similar to eq. (3.7), except for now Cj (R) is s 
spinorial field in four dimensions: 

cD(R) = (^A(R) + errxn(R) - V'™(R) APiy+ . (3.40) 

Then by making use of the expansions eq. ( 3.39| ) and extensive use of Mathematica, we can 
express the continuum limit of the fermion action eq. (3.38) in terms of u) as 

If 1 

5fermion = “2 / o ^ m i r^T^+S £mn\Sn’i ~\~ i £m5 [50,0]) 

94 J ^ 

(3.41) 

where the Tq, are 50(10) gamma matrices in the basis used to dehne the mother theory, 
eq. (2.6).We can define a new gamma matrix basis for S'O(IO) 


Lp — £m £mfi j 


rn+4 — Lffi+S £v 


TlO — ■ 


(3.42) 


where /U = 1,... 4, n = 1,... 5, and the sum Y2m=i implied in each of the above expressions. 
From the orthogonality of the matrix £, it follows that {Tq,, T^} = 2(5^^, for a, /? = 1,..., 10. 
In the new basis the charge conjugation matrix is unchanged, 0 = 0. Therefore, the above 
continuum limit of the lattice fermion action eq. ( 3.41 ) may be written as 


1 


1 


5fermion ^ ^ J ^ ^ 2 C T + i C V4j^a[Sa-,(^]j + 0{a) 


(3.43) 


where the index a is summed 1,...,6. We see that to leading order in a this correctly 
reproduces the fermionic part of the action for AA = 4 SYM in four dimensions, as given 
in eq. (3.2). Note that the target theory has a full 50(6) chiral symmetry that naturally 
emerges in the continuum, even though the symmetry does not exist on the lattice. In a 
sense, the 50(6) x SO(4) symmetry of our theory comes about much in the same way as the 
50(4) X SU (4) symmetry that emerges in the continuum with conventional staggered fermions 
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in four dimensions, even though independent flavor and spacetime rotations symmetries do 
not exist at finite lattice spacing. 

Although not evident from the above analysis where we expanded about smooth fields, 
one can show that there are no boson or fermion doublers in the theory living at the edge of 
the Brillouin zone. We show this explicitly for the bosons in Appendix and it follows by 
supersymmetry for the fermions as well. We also refer the reader to an earlier paper where 
we worked through a similar example in detail for both bosons and fermions [12]. 

Our conclusion for this section is that our construction of the lattice with explicit 
Q = 1 supersymmetry does indeed give J\f = 4 SYM theory in four dimensions in the con¬ 
tinuum limit, at tree level. In the concluding section we will make several remarks about the 
renormalization of this theory. In the next section we construct the Ag lattice for Q = 16 
SYM in three dimensions. 


4. The three dimensional lattice 
4.1 The target theory 

The sixteen supercharge theory in three dimensions can be obtained by dimensional reduction 
of J\f = 1 [/(k) SYM theory in ten dimensions. The action possess a global 50(3) x 50(7) 
symmetry, where 50(3) is the Euclidean counterpart of the Lorentz symmetry and 50(7) is 
the i?-symmetry of the theory. Under this symmetry the gauge bosons transform as (3,1), 
the scalars as (1,7), and the fermions as (1,8) © (1,8). The action has a form form similar 
to that in eq. (|3.2D , with the ranges of the indices changed appropriately, with running 
from 1... 3; a,b from 1... 7 and r 4 +a replaced by Ts+a- Furthermore, is replaced by g'^, 
which has mass dimension equal to one. 

The low energy theory is believed to be an interacting conformal field theory. The gauge 
boson in three dimensions is dual to a compact scalar. In the infrared limit of the theory (at 
scales well below g'^) this scalar is thought to decompactify, joining the other seven scalars to 
form the (1,8) representation of an enhanced 50(8) i7-symmetry [8]. 


4.2 The mother theory in SU{4) xU{l) x U{1) multiplets 


To create a three dimensional lattice from Q = 16 mother theory eq. (|2.6| ), we orbifold by 
Zff where the three transformations are determined by the three-vector r charges dehned 


in eq. (2.17) with d = 3. In the case of the four dimensional lattice analyzed in the previous 
section we saw that the four dimensional r vectors generated the Cartan subalgebra of the 
57/(5) subgroup of the 50(10) symmetry of the mother theory; in the present case of a three 
dimensional lattice, the 3-vectors r generate the Cartan subalgebra of the SU (4) subgroup of 
50(10). Consequently, the assignment of the fields of the mother theory onto links and sites 
follows from their 57/(4) weights. It is convenient to decompose the variables of the mother 
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theory under SU{4:) x U{1) x U{1). The two U{1) generators may be taken to be 

5 

Qo = ^ ^ Qm ) Ql — Q5 ) ( 4 - 1 ) 

m=l 

where the qm are dehned in eq. (ili- 

With this definition of the U{1) charges, it is a simple matter to figure out the decomposi¬ 
tion of the 10 of bosons and 16 of fermions of the mother theory under 5C/(4) x C/(l)o x 
One finds for the bosons 

u~10 —^ (z©t)© (z©t) ~ (4i,o©li,i)© (4_i ,0 0 1-1,-i) , (4.2) 

where we have grouped together the variables that had been irreducible SU (5) representations 
on the four dimensional lattice construction of the previous section. 

For the fermions one has 


u; ~ 16 


A©(C©x)®(V' ©a) 


Is 1 
2 ’ 2 


6 i 1 
2 ’ 2 


) 4i _ 1 
2 ’ 2 


4 _ 3 

2 ’ 


1_3 1 
2 ’ 2 


(4.3) 


This decomposition can be effected by means of the ladder operators defined in eq. (2.12) 

UJ= (x + ^mn “ V''" _ a^JI!^A^A^APA^\ 

\ 2 6 24 / 


(4.4) 


where is the highest weight spinor defined in eq. (3.6), carrying Qo = 5/2 and Qi = 1/2, 
and carries charges Qo = ~l)Qi = 0) while P’ carries charges Qo = Qi = ~1- 

Note that the above expansion of uj is the same as eq. ( ^) in the previous section, with 
the substitutions 


Cm5 ^ Xm 




a . 


(4.5) 


Together with the substitutions ^ t and —>■ t, the action of the mother theory eq. (3.8) 
may be written in terms of the SU{4:) x U{1) x U{1) multiplets as 


5 = ^Tr 


+V 2 { 


1 ((5„,2”1+ [(.(])© |(^"'.^”||©2|[(,^”'lf 

AdJm.i/-”] + [(.al) -Un\z"',r\-X,n(\z’",a\ - \t,,n) 


I 1 mnpq 


mn 


Xq] + ^ 



(4.6) 


where S'17(4) x U{1) x f7(l) symmetry is manifest. 

®Note that in this section the Latin indices m,n,p... take the values 1, ...,4 and repeated indices are 
summed. 
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Following our treatment of the four dimensional lattice, we make the correspondence 
between the r charges and the SU (4) tensor notation explicit by defining the four vectors 

= {1,0,0}, //2 = {0,1,0} /X 3 = {0,0,1} /14 = {-1,-1,-1} . (4.7) 

The jji^ vectors specify the r charge directly in terms of the 5t/(4) tensor indices: for each 
variable the r charge is given by a sum of for each upper SU{^) index m, and —for 
each lower index m. Thus, as seen in Table |^, z™ and V’™' have r = while Zm and Xm 
have r = — ^mn has r = —+ //„); while the 517(4) singlets A, a, t, and t each have 
r = 0 and become site variables. 


4.3 Manifest Q = 2 supersymmetry 

After the orbifold projection by of the mother theory eq. (1.6), two out of sixteen su¬ 
persymmetries remain intact, corresponding to the two components of the supersymmetry 
parameter k in eq. (2.9) which have r = 0. To render this exact lattice supersymmetry 
explicit, we express the mother theory in terms of the unbroken Q = 2 supersymmetric 
multiplets 

The two surviving supersymmetries are parametrized by the independent Grassmann 
numbers r] and t) (analogous to A and a in Table respectively) where 


K=(rj- 1 .+ . 

In component form, the (on-shell) Q = 2 transformations are given by 


(4.8) 


5zm = -V2iriXm , 

6t = ypi ir]a + V2 ifj A , 

6t = 0 , 

SX = -irj {[zm, + [t,t]) 

6a = ifi{[zm,z'^] - [t,t]) 

6-11;^ = -2i7) [t, z^] 

6xm = [i, Zm] 

6^mn — [Zrm Zn] ( 2 Cmnpg) ■2^] ■ (^'9) 


In order to introduce supermultiplets, we need an off-shell formulation, thus we introduce the 
auxiliary fields d, and Gk, where d is real and A: = 1,... ,3. Together and Gk form 
the 6 representation of the 5t/(4) symmetry, but as we shall see, the superfield formalism 
only keeps the SU{3) C 517(4) symmetry manifest, under which the transform as 3 ©3. It is 
convenient then to define new combinations of the ^ fermions as 

= 1 ^ Ifc = 44 , = . (4.10) 

®Many of the features of Q = 2 supersymmetry are described in appendix of reference [11]. See also the 
discussion in [31]. 
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Table 2 : The Qo,Qi Qm and = {q^ — 54 ) charges of the bosonic variables v and fermionic variables 
CO of the Q = 16 mother theory under the S'O(IO) D SU{4) decomposition r; = 10 ^1040401 = 
t0 2 ™ 0 Im 0 t, anda; = 16^l0406040l = A0V’’"0 ^mn 0 Xm 0 «• 

The considerations similar to those found in [13] lead us to the off-shell transformations of 
fermions 

6 X = —ii] ([t, t] + id) 

6 a = —if] ([t, t] — id) 

= -2ifi [i, z^j 
6 xm = 2ir/ [i, Zm] 

6 ^^ = 0y/2fr? - 2ifi [z^ z^] 

Sik = -2fr? [zk, Z 4 ] 0 V 2 ifiGk 
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(4.11) 


6d = -V 2 r][t,a] + V 27 ] [t, A] , 

6G^ = -2ir) , 

5Gk = -2ir] + [zk,X4] + [Xfc,^4]) • 

The supersymmetry transformations of the bosons z, z, t and i remain as in eq. (P). 

A superfield notation is now possible, by introducing Grassmann superspace coordinates 
0 and 9. The supercharges are defined to be 

(5 = i ( 77 Q + r/Q) , Q = de + ^26^, ■] , Q = + V26^, ■] , (4.12) 

which are nilpotent, but which satisfy the nontrivial anticommutation relation {Q, Q} = 
2\/2[i, •]. In addition, we define the chiral derivatives 

V = de-V2e[i, ■] , V = d-g-V29[i, ■] . (4.13) 

Superfields annihilated by D or by D will be called “anti-chiral” and “chiral” superfields 
respectively. 

The supersymmetry transformations of the components are then realized by introducing 
the bosonic vector superfield 

T = t + V29a + V26X + V2e6{id), (4.14) 


and the bosonic chiral and anti-chiral superhelds 


satisfying 


T 

T 


Zm 



1 

71 

1 

71 


VT = \ - 9{+[i,t] + id) 
VT = a + 9{—[i, t] + id) 


z^ + V2 94 ,^ -V2 99[t,z^] 
Zm - V 2 9xm + V2 99[i, Zm] 


- V299[i, X] , 
-I- V299[i,a] , 


(4.15) 


vr = vr = pz™ = vZm = o. 


(4.16) 


In addition we have six so-called “Fermi multiplets” 
k = 1,..., 3. There expansions into components are 


denoted by 


and Hfc with 


+ V 29 G^ -V 2 99[i, - 20 , (4.17) 

Sfc = 7 + 720 Gk + V2 99[i,4k] - 29 Ek (4.18) 

^°Note that T is not real, as would be a vector superfield in Minkowski space; however on analytic continn- 
ation back to Minkowski space, T does satisfy a reality condition, and so warrants the moniker. 

^^For a discnssion of the Q = 2 supersymmetric multiplet structure, see the appendix of ref. [11]. 
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where we have introduced the holomorphic functions and antiholomorphic function 

E'^ = [Z^Z4], Efc = [Zfc,Z4]. (4.19) 

The fermi multiplets satisfy the identities 

, VEk = -2Efc , (4.20) 

which are consistent with the identities 

VE’^ = VEk = 0 . (4.21) 

Interactions for the Fermi multiplets are included by introducing the holomorphic func¬ 
tions 


Jfc = Z-’] , 




These functions satisfy 


Tr JfcE'^ = Tr J^Efc = 0 


due to the cyclic properties of the trace. It follows then from eq. ( 4.2C ) that 
V Tr (H^ Jfc) = 2 TV (E*= J^) = 0 , P Tr (H^ J^) = 2 TV J^E^ = 0 


(4.22) 

(4.23) 

(4.24) 


which implies that Tr (H^J^) and Tr (H^J^) are chiral and anti-chiral superfields respectively. 

^From the transformation properties of the T, Z'" and Z^ superfields, one sees that 
supersymmetric invariants can be constructed from the trace of the 66 component of a vec¬ 
tor superfield, the 6 component of a chiral superfield, or the 6 component of an anti-chiral 
superfield. 

Using these superfields which we have constructed, it is now possible to write down the 
mother theory action in manifestly Q = 2 supersymmetric form as 


5 = ^Tr 


d6d6 ( ITT + —Z^[T,Z™] - \ + f d6 H'^J^ + / 


(4.25) 

summing m over 1,..., 4 and k over 1,..., 3. When written in component form, the above 
action contains the auxiliary field interactions 


Saux = ^ Tr 


y + id[z^, z^] + GkG^ + Z^]G^ + 


(4.26) 


One can verify that after replacing the auxiliary fields by the solutions to their equations of 
motion 

id = [zm, G^ = zj], Gk = -^eijk[z\ z^\ . (4.27) 

and makes use of the definitions eq. (|4.10|) , the above action eq. ([4.25|) correctly reproduces 
the mother theory as written in eq. (|4.6|). 
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4.4 The D = 3, Q = 2 lattice action and its symmetries 


The charges given in Table § make it easy to write down the action of the lattice theory that 
results from the orbifold projection. In component form, the result is 

5=3^Tr U{Y1 (^«i(n-/x^)z™(n-/^^) - z™(n)zm(n)) + [t(n),t(n)]) 

^ n L rn=l 

4 I 2 4 

+ +t^m) - +t^n) + 2 ^| t(n) 2 :”(n) - z”(n)t(n +/r„) 

m,n=l n=l 

- \/2(^An(A, Zjn, + An(A, t, o) - - An(Xm, , o) + t, V'™) 

+ ie™A„(Un, 2p, X,) + i, 


(4.28) 

The function A is the same as defined in eq. ( |3.18| ) for the four dimensional lattice. 

We can also express the lattice action in a manifestly Q=2 supersymmetric form. The 
Q = 2 superfields on the lattice may be written as 

Z^in) = z^{n) + V2 9^l;"^{n) - V2 9e(iin)z^{n) - z^{n)i{n + fij') , 

Zm{n) = Zm{ii) + V29xm{n) + V299(t{n + /x^)lm(n) - Zm{n)t{n)^ , 

H^(n) = |^(n) + V2 9G’"{n) - V2 99(t{n - /X4 - - |^(n)t(n)^ - 20E*'(n) , 

Hfc(n) = 4(n) - \/2 0Gfc(n) + \/2 6'0(^t(n +/Xfc +/.i4)4(n) - 4(n)t(n)^ - 26'Efc(n) , 

T(n) = t(n) + \/2 0a(n) + \/2 0A(n) + \/2 99 + zd(n) , 

T(n) = A(n) - 0(^+[t(n),t(n)] + zd(n)^ - \/200[t(n), A(n)] , 

T(n) = a(n) + 0^—[t(n), t(n)] + i(i(n)^ + V299[i(n), a(n)] . 

(4.29) 

The E functions are given as 

E''(n) = Z^{n - 7x4 -/^fc)Z^(n - 724) - Z^(n - 7^4 - Atfc)Z''(n - 7/^) 

Efc(n) = Zfc(n + 7X4)Z4(n) - Z4(n + 7ifc)Zfc(n) (4.30) 

The J functions can be written as 

Jfc(n) = icijfc (Z*(n)Z-^(n + 7.tj) - Z^(n)Z*(n + 7i^-)) 

J^(n) = (Zi(n - f^i)Zj{n + fik + ^^4) “ Zj(n - + 71^ + t^i)) (4-31) 

The lattice action, which is in fact orbifold projection of the mother theory action in 
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eq. (4.25), may be written in terms of these lattice superfields as 


S = 




dOdO ( ^T(n)T(n) — ^H^(n)Hfc(n 


+ —T(n) (Z™(n)Z^(n) - Z^(n - /x^)Z-(n - ^,J) 


(4.32) 


+ J dO H^(n)Jfc(n) + J dO E:fc(n)J^(n) 


By eliminating the auxiliary fields by their equations of motion, 


1 


G (n) = + t^j)zj{n) - Zj{n + /Xi)zi(n)) 

Gfc(n) = (^*(n - fJ-i- - fJ-j) -z^{n- Hj)z^{n - /xj) 

id{n) = (zm(n -- z”'(n)zm(n) 


(4.33) 


one can show that the action eq. (|4.32 ) is equivalent to the lattice action eq. (4.25) given in 
component form. 


4.5 The continuum limit for d=3 lattice: tree level 

4.5.1 A cubic lattice 

The expansion of link fields around the configuration 

z"^{n) =Zmin) =-^Ik, m=1...3, z'^(n) = l 4 (n) = 0 (4.34) 

ay/ 2 

generates a cubic spacetime lattice. The superhelds Z 4 and Z 4 are residing on the body 
diagonal and and are residing on the face diagonals of the cube (see Fig. |^). The 
symmetry of the lattice is S 3 x Z 2 , with twelve group elements. 

4.5.2 The A 3 (bcc) lattice 

We expand the action about the most symmetric solution of moduli equations 

Zm{n) = z"^{n) = ^^Ik, m = 1...4, (4.35) 

ay/ 2 

which treats all bosonic link fields on equal footing and preserves the octahedral symmetry 
of the action. The symmetry group is x Z 2 , where S '4 corresponds to the permutation 
of SU{A) indices and Z 2 is the charge conjugation symmetry swapping chiral and antichiral 
multiplets. 

Similar to the four dimensional example, we introduce four three dimensional vectors to 
relate the point u to a spacetime point. These lattice vectors can be chosen as 

ei = (- - ^) 

' ^^/2’v/6’^/T2^ 
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Figure 1: The cubic lattice, corresponding Figure 2: The lattice corresponding to 
to the trajectory in moduli space given in the trajectory eq. (4.35). The eight near- 
eq. (4.34). est neighbor links (dark blue) emanating from 

the central site may be associated with the 
eight 3-vectors ±em- The six second-nearest- 
neighbor links (light blue) correspond to the 
six 3-vectors in eq. (4.39). 


1 1 


1 


^ V2’V6’VT2' 

e4 = (0,0,-^). 


(4.36) 


These vectors are the SU (4) weights of the 4 representation, and they form a three simplex 
(tetrahedron) in three dimensions. They satisfy the relations 
4 4 


^ ^ 6m — 0, 




m=l 


E( 

m=l 




(4.37) 


The matrix is the Gram matrix of A%^ [30], also known as body-centered cubic (bcc) 

lattice. 

The site n is identified with the spacetime location 

3 

R = a ■ n)e;, (4.38) 

V=1 

and a lattice displacement of one unit in direction corresponds to a spacetime translation 
aem- It is easy to see that each of the four links occupied by four z™ variables has length 
l®6m| = \J\ CL, unlike the case of the less symmetric cubic lattice where resides on a link 
\p3 times longer then the ones occupied by the three z™". 

A picture of the lattice is shown in Fig. |^. The dark blue links between nearest neighbor 
sites correspond to the eight 3-vectors ±6^- It is helpful to also define the three orthonormal 
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vectors 


Wfc = 64 + Ofc , 


Wi 




i,j,k = 


(4.39) 


The six Tw^. vectors correspond to the light blue links between second nearest neighbors in 
Fig. The Z™ and superfields reside on the dark blue links; the and superfields 
live on the light blue links, and the T and Y superhelds live on the sites. However one should 
note that the superhelds are not completely local, and contain terms looking like the square 
root of a plaquette. 

In order to relate the lattice helds to continuum helds, we expand the lattice action around 


the point eq. ( 4.35 ). However, the structure of the lattice is dictated by 5C/(4) x ?7(1) x 17(1) 
and the continuum helds transform under SO(3) x 50(7). To make the connection between 
lattice and continuum helds clear, we introduce a 4 x 4 real orthogonal matrix 


S = 


Note that Sm/i, with /r = 1,. 
matrix has the property that 


( V2 

1 

1 


vT 

vT2 

1 

1 

1 

1 


vT 

vT2 

2 

0 

2 

1 

1 

vT 

vT2 

2 

V 0 

0 

_3_ 

VI 2 

y 

3, are 

the 

components 


= (T^) 




(4.40) 




\m=l 


^rifi IT' — 1, . . . , 3 
0 n = 4 . 


(4.41) 


which serves as a bridge between the 517(4) tensors of the lattice construction, and the 50(3) 
representations of the continuum theory. In terms of this matrix we then dehne the expansion 


of about the point in moduli space eq. (4.35) to be 


= 


m=l /i=l 




(4.42) 


with 




— / 


Su + iVu 


V 2 


/i — 1,..., 3 , 


<I>4 = 


54 + iS^ 


t = 


56 + iSr 

V2 


(4.43) 


where V)( and Si are hermitean k x k matrices, corresponding to gauge helds and scalars of 
the continuum theory. 

We now will expand the action eq. (4.28) to leading order in powers of the lattice spacing 
a, with the goal to show the equivalence in the continuum limit at tree level between our 
lattice action and the target theory action. Since the Jacobian of the transformation between 
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lattice coordinates n and spacetime coordinates R in eq. ( 1.38 ) equals o^/2, we first must 
rescale our coupling g such that 


1 

9^ 


2 <?i 


lim ^ ^ 

a^o ^ 


1 

93 


J 




(4.44) 


The analysis of the bosonic action of the lattice theory follows similarly to 3.5. None of 
the three types of bosonic terms are individually SO{3) x SO{7) invariant. However, upon 
adding them one gets the bosonic part of the target theory action, 


5'boson — 9 

93 


(PK Tr 


1 


1 , 


(D,Sar + -V^,-JSa,Sk] 


+ 0 (ci) 


(4.45) 


where in this section the indices a,b = 1,...,7 are SO{7) indices, while = 1,...,3 
are spacetime indices. Notice that in this theory, two out of seven scalar arises from the site 
fields, whereas the other five scalar fields arise from the link variables transforming nontrivially 
under the lattice symmetries, yet they become in scalars under the 50(3) spacetime rotations, 
transforming instead under the independent 50(7) global i?-symmetry that emerges in the 
continuum. 


Similar to the analysis of fermionic terms in § |3.5| , we can express the continuum limit of 
the fermion action eq. ( 4.28 ) in terms of uj as 


= 


If 1 

2 / d R Tr O C {T' m EmiiD T i7'm+5 f'mniSm T '^7'm f'm4[S'5, 7j] 

93 J ^ 


+frio [56,(7] + zTs [57,(7]) 


(4.46) 


where the T^ are 50(10) gamma matrices in the basis used to define the mother theory, 
eq. (| 2 . 6 | ). Since S is an orthogonal matrix, we can define a new gamma matrix basis for 
50(10) 


7'fj. — 7'm £mfi , 7 n+3 — 7 m+b 7mn , 7^ — Tm£m4:-, Tg — Tiq, Tiq — Ts . (4.47) 

In the new basis the charge conjugation matrix is unchanged, C = C, given that we specified 
in eq. {2A) that the T^ be antisymmetric for m = 1,... , 5 and symmetric for m = 6 ,..., 10. 
Therefore, the above continuum limit of the lattice fermion action may be written as 


5fe 


1 

9l 


/ 


d^R i Tr ((7^Cr^0^u; + z(7-' CTs+j [5*,(7]) + 0(a) 


(4.48) 


where the index // is over 1... 3 and i is over 1... 7. The chiral symmetry of the theory, 50(7), 
which does not exist for any finite lattice spacing, emerged naturally in the continuum. 

In conclusion, our construction of Hg lattice with Q = 2 supersymmetry correctly repro¬ 
duce the sixteen supercharge {J\f = 8 ) SYM theory in d = 3 dimensions. The discrete and 
continuous symmetries on the lattice, 54 x Z 2 x (0(1) x 0(1)) enhances to 50(3) x 50(7) 
symmetry in the continuum. 
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5. The two dimensional lattice 


5.1 The mother theory with manifest Q = 4 supersymmetry in SU{3) xU{l)x S0{4) 
multiplets 

We now turn to the sixteen supercharge target theory in two dimensions, also known as 
M = (8,8) supersymmetry, which possesses an SO{ 8 ) ii-symmetry. In this case the lattice 
possesses four exact supercharges, and the multiplet structure is identical to that of the 
familiar M = 1 supersymmetric gauge theories in four dimensions, and we can use superhelds 
reduced from four dimensions to describe the theory. Here we give an abbreviated version of 
the analysis, trusting that familiarity with the previous two sections of this paper will make 
it straight forward to fill in the missing details. 

To create a two dimensional lattice, we orbifold the mother theory eq. ( ^.61) by a x Zjv 
symmetry. The two dimensional r charges generate the Cartan algebra of an SU (3) subgroup 
of 50(10) embedded in the natural way along the chain 50(10) ^ 50(4) x 50(6) ^ 50(4) x 
5t/(3) X 0(1). The 50(4) x 0(1) ~ 50(2) x 50(2) x 0(1) symmetry will remain exact on 
the lattice, while the 50(3) symmetry is broken to 0(1) x 0(1), by the orbifold projection, 
with fields assigned to links and sites according to their 50(3) weights. 

The ten bosons and the sixteen fermions of the mother theory decompose under the 
50(3) X 50(2) X 50(2) x 0(1) subgroup of 50(10) as 

u ~ 10 —^ z © z © u ~ (3,1, l)i © (3,1, l)_i © (1, 2, 2)o . (5.1) 


w~16 —> V'©V'©A©A~(3,2,1 )_i©(3,1,2)i ©(1,2,1)3©(1,1,2)_3 (5.2) 

2 2 2 2 

The fermions are now doublets under the 50(2) x 50(2) symmetry, and we adopt the con¬ 
ventions of Wess and Bagger [32] adapted for Euclidean spacetime (see Appendix j^). For a 
more explicit discussion of the above decomposition, see Appendix 

After orbifolding, the location on the lattice of the above variables is determined as before 
by the r charges, as given in Table We see that v and A are site variables, while z'^, 

Zm and are link variables, where the links are designated by r equaling one of the three 
vectors 


= {i>o} > 

^^2 = { 0 , 1 } 

P3 = {-1,-1}. (5.3) 


The mother theory may be most easily expressed in a manifestly Q = 4 supersymmetric 
form by writing the JV = 4 SYM in four dimensions using J\f = 1 superhelds, and then 
dimensionally reducing to zero dimensions. The result is the action 



W^iW" (5.4) 
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51/(2) x 517(2) x 1/(1) 

dl 

92 

93 

r 

z^ 


1 

0 

0 

{1,0} 

= 

Ml 

z^ 


0 

1 

0 

{0,1} 

= 

M 2 

z^ 


0 

0 

1 

{-1,-1} 

= 

M 3 

Zi 


-1 

0 

0 

{-1,0} 

= 

-Ml 

Z2 


0 

-1 

0 

{0,-1} 

= 

-M2 

Z3 


0 

0 

-1 

{1,1} 

= 

-M3 

V 

(2,2)o 

0 

0 

0 

{0,0} 

= 

0 

X 

P.Dj 

1 

2 

1 

2 

1 

2 

{0,0} 

= 

0 

X 

(1.2)_. 

1 

2 

1 

2 

1 

2 

{0,0} 

= 

0 



1 

2 

1 

2 

1 

2 

{1,0} 

= 

Ml 



1 

2 

1 

2 

1 

2 

{0,1} 

= 

M 2 


(2.i)-4 

1 

2 

1 

2 

1 

2 

{-1,-1} 

= 

Ms 

Ipl 

(1.2)1 

1 

2 

1 

2 

1 

2 

{-1,0} 

= 

-Ml 

i>2 

(1.2)1 

1 

2 

1 

2 

1 

2 

{0,-1} 

= 

-M2 

^3 

(1.2)1 

1 

2 

1 

2 

1 

2 

{1,1} 

= 

-Ms 


Table 3: The SU{2) x SU{2) x C/(l), qm and — Qs) representations of the bosonic variables v 

and fermionic variables u of the Q = 16 mother theory under the S'O(IO) D 517(3) x 517(2) x 51/(2) x 
1/(1) decomposition. 


where and Z^, are chiral and anti-chiral superfields respectively, and V is a vector mul- 
tiplet, expanded in components as 

+ \/20V’™ + eOF'^ 

Zm = Zm + 

V = -9aaVa9 + 999\ + 999X + \9999 d 
w„ = -Xa + {-{(^abVab)a^ + - ^G{aa)^i^[Va,X^] 

W“ = -X^ + ({aabVabf ^ + S'id)9^ -99{aaf>^[Va,Xp]- (5.5) 

The Wq and W„ are the usual spinorial field strength chiral superfields that give rise in four 
dimensions to the kinetic terms for the gauge bosons and gauginos. 

The off-shell supersymmetric variations of these components in terms of the four Grass- 
mann parameters C and C (transforming as (2,1) and (1, 2) respectively under 517(2) x 517(2)) 
are given by^^ 


6z^ = \/2<V'" 


before, we define 5 = {i^Q — iCQ)- In four dimensions, one has Q = de — and so one might 

expect in the dimensionally reduced theory that Q and Q would be the nilpotent operators 


and dg, which 


would lead to [(ii,52] = 0, while eq. (^) yields instead [(5i,(i2] = —tijCiO-aCj[va, ■]■ This occurs because 
we have chosen Wess-Zumino gauge to eliminate the extraneous components of the V supermultiplet. The 
supersymmetry transformation must now include a field-dependent gauge transformation to maintain the WZ 
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5Zm = -V^iCilrn 

S^r = +V2i{aa)C[Va,Z^] + V2iCF^ 

^'4^m V^i(o'a)C[^a) ^m] m 

6Va — “l“*^*^aC 

5X = -i{crabVab)C + Kd 

6\ = -i{aabVab)C - Kd 
6d = iCaa[Va,^ +i[Va,X](^aC 

6 F^ = -iV2Caa[va,f^] + 2i[z'^,X]C 

6Fm = -iV2Cf^a[Va, V’m] + 2i[Zm, A]C • (5.6) 

where the auxiliary fields satisfy the equations of motion 


d = -\Zr. 


Fm = +^(^mnp[z'^, Z^] 


(5.7) 


5.2 The d = 2, Q = 4 lattice theory 

The steps for constructing the d = 2, Q = 4 lattice for the ( 8 , 8 ) target theory are similar 
to those followed in previons sections. After the Zn x Zn orbifold projection of the mother 
theory, one obtains the lattice action, written with manifest Q = 4 supersymmetry 


S = 


^Tr J d^Od^ Z^(n)e2V(")z™(n)e-2V("+'^-) 

d20 W“(n)W„(n) + ^ j W6(n)W“(n) 

+ ^emnp j d^e Z™(n)(Z’*(n + At^)ZP(n - /x^) - ZP(n + /x^)Z„(n - ^l^)) 
+ f d^dZm(n)(Z„(n-/x„)Zp(n + /x^) -Zp(n-/Xp)Zn(n + /x^)) 


1 

4 

^/2 


(5.8) 


One then expands the theory abont a particnlar trajectory in moduli space. For a square 
lattice, the expansion is abont 

z'^in) =Zm{n) = m = 1...2, z^(n) = ^ 3 ( 0 ) = 0. (5.9) 

a\J 2 

With this choice /x^, /X 2 and /X 3 get mapped to the lattice vectors x, y and — (x + y) respec¬ 
tively, and the lattice appears as in Fig. |^. A more symmetric alternative is the expansion 
about 

Zm{^) = z^{n) = m = 1...3, (5.10) 

ay 2 
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Figure 3: The square d = 2 lattice following 
from the expansion eq. (5.9). The r — pi 2 
variables in Table 3. reside on the x and y 
links respectively, while charge r = /i .3 maps 
variables onto the diagonal links; v and X, A 
have r = 0 and reside at the sites. 


Figure 4: The triangular d = 2 lattice (A 2 ) 
corresponding to expansion about the sym¬ 
metric point in moduli space, eq. (5.10). The 
r = variables z™, z™, and ipm reside 

on the links, while v and A, A have r = 0 and 
reside at the sites. 


which treats all bosonic link fields on equal footing and gives rise to the A 2 (triangular) lattice 
shown in Fig. 

To analyze the continuum limit of the A 2 lattice, we introduce three two dimensional 
vectors to relate the point n to a spacetime point. These lattice vectors can be chosen as 


and satisfy the relations 
3 

^ ^ 6m — 0, 

m=l 




— A _ 1 

— Q 




m J fi\^m Ju 


= 6 . 


fllA 


m=l 


(5.11) 


(5.12) 


The lattice vectors are the SU (3) weights of the 3 representation, and they form a 2 -simplex 
(equilateral triangle) in two dimensions. The matrix is the Gram matrix of A 2 [30], 

also known as hexagonal lattice. 

The site n is identified with the spacetime location 


2 

R = ■ n)e^ = (5.13) 

_ V=1 

gauge condition. A similiar phenomenon occured in the Q = 2, d = 3 lattice of the previous section. See 
ref. [33] for a discussion. 
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and a lattice displacement of one unit in direction corresponds to a spacetime translation 
oem- Each of the three links occupied by three variables has length |aem| = a, unlike 
the case of the less symmetric square lattice where resides on a link \/2 times longer then 
the ones occupied by the three z^, m = 1,2. 

In order to relate the lattice fields to continuum fields, we expand the lattice action 


around the point eq. ([4.35| ). However, the structure of the lattice is dictated by SU{3) and 
the continuum fields transform under SO{2) x SO{8) where SO{2) Euclidean analog of the 
Lorentz symmetry and SO{8) is the global R-symmetry. To make the connection between 
lattice and continuum fields, we introduce a 3 x 3 real orthogonal matrix 


£=\ - 


1 1 

V 2 vT 

1 1 

VE 


= r) 


T\-^ 


(5.14) 


0 - 


VE VE'' 


Note that with = 1, 2, are the components of the vectors of eq. ( 4.36| ). This matrix 
has the property that 


^ ^ 6 m £n 


\m=l 


^ 1, . . . , 2 
0 n = 3 . 


(5.15) 


which serves as a bridge between the SU{3) tensors of the lattice construction, and the SO{2) 
representations of the continuum theory. In terms of this matrix we then define the expansion 
of z™ about the point in moduli space eq. (^.10|) to be 


with 


and 


zm ^ 


iV2 ^ ~ aV2^ 

m=l fi=l ^ 




_ / <5/. + 


V 2 


H = l,2, <^3 = 


S 3 + iS4 

^/2 


(5.16) 


(5.17) 


= { 5 ’ 8 , 55 , 56 , 57 } . 


(5.18) 


where V)j and Sa are hermitean k x k matrices, corresponding to the two gauge fields and 
eight scalars of the continuum theory. 

We expand the action eq. (|5.8| ) to leading order in powers of the lattice spacing a to 
obtain the continuum limit at tree level. Since the Jacobian of the transformation between 
lattice coordinates n and spacetime coordinates R in eq. ( 5.13|) equals jV3, we first must 
rescale our coupling g such that 


1 


V3g2 


lim ^ ^ 


1 

gl 




(5.19) 
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The analysis of the bosonic action of the lattice theory gives in the continuum SO{2) x 
SO(8) invariant action. 


Sboson = \ [ Tr 

92 J 




+ 0(a) 


(5.20) 


where /r, = 1, 2 and a, 6 = 1... 8. 

Similar to the analysis of fermionic terms in § 3.5, we can express the continuum limit of 
the fermion action eq. (|5.8|) in terms of 0 as^^ 


5'fermion = \ CpHTr ^ Oj’^C ^T m i rj 7^_|_5 £m,n[Sn: m £m,3[S4:^ 

9‘2 9 


(bll-i [524+3,0] + Tg-j [524+4,0 


(5.21) 


Z =1 


where the T^ are 50(10) gamma matrices in the basis used to define the mother theory, 
Since £ is an orthogonal matrix, we can define a new gamma matrix basis for 


eq. 


14 


50(10) 


£mfi , rn+2 — ^m+5 £mn , hg — £m £m3 j 


Toi^g — rii-l , Toi-Lg — Tg-i 


i = 1,2 


(5.22) 


In the new basis the charge conjugation matrix is unchanged. Therefore, the above continuum 
limit of the lattice fermion action may be written as 


5f. 


1 


1 


ermion ^ J f (^O^C f^O^O + Z O'^ C f 2 +a [Sq, O]^ + 0(a) . 


(5.23) 


The chiral symmetry of the theory, 50(8), which does not exist for any finite lattice spacing, 
emerges naturally in the continuum. Combining Sfermion + 'S'boson correctly reproduce the 
sixteen supercharge M = (8, 8) SYM theory in d = 2 dimensions. 


6. The one dimensional lattice; or Euclidean path integrals for M-theory 

The sixteen supercharge U{N) matrix quantum mechanics is interesting because it has been 
argued that the large N limit corresponds to M-theory [9]. Because of this limit, a Hamil¬ 
tonian approach to the theory is not very practical (as one would expect for a theory that is 
supposed to contain higher dimensional physics), and so a path integral approach may prove 
to be more promising. Here we construct a version of the theory on a one-dimensional lattice 

for this theory may be obtained from the Co constructed in the d = 4 lattice, followed by the substitutions 
given in Appendix ^ 

^^In this section SU{3) tensor indices are denoted by m, n and are summed from 1 to 3; 50(8) vector indices 
are denoted by a, b and are summed from 1 to 8 ; and 50(2) vector indices are denoted by /i,i^ and are summed 
from 1 to 2. 
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in the Euclidean time direction, which possesses eight exact supersymmetries. The other 
eight appear in the continuum limit. 

The theory continuum theory has a one-component gauge boson V which is not dynam¬ 
ical, but which is rather a Lagrange multiplier. Integrating it out enforces the constraint on 
physical states that they be gauge invariant. The i?-symmetry of the theory is 50(9), under 
which the scalars transform as the 9 dimensional vector representation and the fermions as 
the 16 dimensional spinor representation. The action of the target theory is 

5target = ^ J dr Tv (^^{D-rSaf - ^[Sa, Sbf + C Dr ti oj + ^ Co'^ C t i+a [5a, 0]^ 

( 6 . 1 ) 

where we introduced 50(10) gamma matrices r„ and 50(9) indices a,b = 1,...,9. The 
50(9) symmetry of the action is manifest. 

6.1 The lattice action 

To create the d = 1 lattice we decompose 50(10) multiplets along the chain 50(10) D 
50(4) X 50(6) D SU{2) x 50(6) x U{1): 


u ~ 10 — 

(2,l)i©(2,l)_i©(l,6)o . 

(6.2) 

a; ~ 16 - 

( 2 , 4 ) 0 © ( 1 , 4)1 ©(l,4)_i 

(6.3) 


We can then orbifold by the Zm contained within the above 0(1) symmetry, creating a one 
dimensional lattice, while leaving intact the 50(2) x 50(6) global symmetry, and eight of 
the original sixteen supercharges. 

To describe this d = 1 theory it is convenient to use the M = 1 superfield language of four 
dimensions employed in § ^ for the d = 2 lattice, at the price of only having manifest only 
four of the eight exact supercharges, and an 50(4) subgroup of the global 50(6) symmetry. 
The chiral superfields Z'^ and Z^ with m = 1,2 from the d = 2 lattice are taken to have 
r = +^J^rn ^ — “Om respectively, where we define 


/^i — +1 ) 

02 = -1 • (6.4) 

We see then that and Z 2 oriented along the forward fii = lirik and comprise the 
(2, l)i boson representation, while and zi reside on the backward link /X 2 = —and form 
the (2, l)_i. The fermions and ip 2 similarly live on the forward link; they each have two 
components and form the (l,4)i representation, while "0^ and ■01 live on the backward link 
and are the (l,4)_i. In terms of superfields, Z^ and Z 2 live on the forward link and form a 
hypermultiplet of the exact Q = 8 supersymmetry, while Z^ and Z\ form a hypermultiplet 
along the backward link. 
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The site variables on our d = 1 lattice are the vector superfield V and the chiral superfield 
from the d = 2 lattice discussion of § Together the six real bosons in z^, and Va, 
a = 0,..., 3 form the (1,6)o, while the eight fermion components in A, A, and form the 
(2,4)o. Together the V and Z^, Z^ superfields form an extended vector multiplet of Q = 8 
supersymmetry. 

The one dimensional lattice action with eight exact supersymmetry may be written in 
manifestly Q = 4 multiplets as 


^ n ■- 


d^e d^e Z3(n)e2VHz3(n)e-2’^(") + Z^(n)e2V(n)z"*(n)e-2V("+'^-) 

+ ^^^20 W“(n)W„(n) + a.h. (6.5) 

J d^e Z3(n)(Z"*(n)Z’*(n + tij - Z^{n)Z^{n - tij) + a.h. 


2\/2 , 


where a.h. stands for anti-holomorphic integrals over antichiral superfields. The Q = 4 chiral 
superfields and the vector multiplet are given by 


Z^ = z’^ + \/20V^™ + 

Z^ = z^ + V2eip^ + 6»6»F^ 

V = -OaaVaO + eeex + Mex + \eeee d (6.6) 


6.2 The continuum limit for d = 1 lattice 

We expand the action about the point 

z^{ja) =Zm{'a) =-^Ik, m = l,2 (6.7) 

ay 2 


To make the connection between lattice and continuum fields, we introduce a 2 x 2 real 
orthogonal matrix 


£ 





( 6 . 8 ) 


In terms of this matrix we then define the expansion of the link bosons 2 "* about the point 
in moduli space eq. (El) to be 


with 


z^ = 


ly/2 


Y^e, 

n=l 


mn^n 


4>i = 


/5i + WA 

V v/2 ) 


4>2 = 


V v/2 ) 


(6.9) 


( 6 . 10 ) 
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while the site bosons are rewritten as 


^3 = 


Ss + iSg 


{vo,Vi,V2,V3} = {S’t, 54,55,56}, 


( 6 . 11 ) 


where V and Sa {cl = 1,... ,9) are hermitean k x k matrices, corresponding to the nondy- 
namical gauge field and nine scalars of the continuum theory. 

We expand the action eq. (^) to leading order in powers of the lattice spacing a after 
performing the rescaling 


1 


V2gj ’ 


lim ^ ^ ^ f 


dr . 


( 6 . 12 ) 


to obtain the continuum limit at tree level. 

Expanding the bosonic action of the lattice theory yields the continuum 50(9) invariant 
action 


5boson — 2 / 

Qi J 


]^{DrSaf-][Sa,S,f +0 {a). 


(6.13) 


We can express the continuum limit of the fermion action in terms of the same Co as in §|5| 
5fermion — ~~2 f dT Tt 2 ^ ^ (^m^mlDrCo -|- iY'fn+b Co^ i^m £m2[S3j Co] 


9i 


+i (bii-i [52i+2,0] + Ee-j [521+3,0 


(6.14) 


2=1 


where the are 50(10) gamma matrices in the basis used to define the mother theory, 
eq. (|2.6| ). Since S is an orthogonal matrix, we can define a new gamma matrix basis for 
50(10) 

El — Em 5mi , Eji+i — Em+5 ; E 4 — Em 5^2; ?Ti, 71 — 1,2 
r2i+3 = Eii_j , E2j+4 = Ee-i , i = 1,2,3 


(6.15) 


In the new basis the charge conjugation matrix is unchanged. Therefore, the above continuum 
limit of the lattice fermion action may be written as 


1 


1 


•S'fermion ^ J 2 (OwEiO^O + zO^ C Ei+j [5*, 0]) + 0(a) 


(6.16) 


where /r = 1 is the continuous Euclidean time and i is over 1... 9. The global R-symmetry 
50(9) is manifest in the continuum action, and we conclude that our construction of one¬ 
dimensional lattice with Q = 8 supersymmetry correctly reproduce the Euclidean action for 
sixteen supercharge matrix quantum mechanics. 
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7. Discussion and Prospects 


We have exploited the technique of deconstruction [27,28] to create supersymmetric lattices 
in Euclidean spacetime which serve as nonperturbative regulators for SYM theories with 
sixteen supercharges in d < 4 dimensions. As argued in the introduction, the target theories 
are in many ways the most interesting quantum field theories that have ever been constructed. 
Recently the first nonperturbative construction of these theories was accomplished on a spatial 
lattice (Relevant for a Hamiltonian formulation) [11]; in this paper we provide a formulation 
of Euclidean spacetime lattices, appropriate for a nonperturbative construction of the path 
integral for these theories. Our lattices look very unconventional; the structure is not the 
usual hypercubic lattice with scalars and fermions living at sites and gauge fields on links. 
In fact fermions and scalars live on both sites and links, while the interactions are most 
symmetrically described in d dimensions by an lattice. Despite their bizarre formulation, 
with spinless helds of the continuum represented by variables which transform nontrivially 
under the point group of the lattice, we have shown that at tree level our lattices correctly 
reproduce the desired target theories. 

An important problem not addressed here is whether fine tuning is required when the 
effects of radiative corrections are included, in order to attain the target theory in the con¬ 
tinuum limit. It is known from previous work that the exact supersymmetry on the lattice 
greatly reduces or entirely eliminates the number of counterterms that may be required. In 
fact, it is expected that the combination of exact supersymmetry and super-renormalizability 
will result in no fine-tuning at all for the theories in d < 3. Eor the d = 4 theory, AA = 4 
SYM, standard power counting arguments used in [II-I3] suggest that at worst logarithmic 
fine tuning could be required. However, whether or not such fine-tuning is actually required 
requires a subtle analysis. The undesirable counterterms will violate the shift symmetry of 
the moduli space. The only possible source for this symmetry violation are those terms that 
must be added by hand at finite volume in order to fix the lattice spacing, the vacuum value 
for the trace of our link variables z about which expand. Such terms which fix the trace of 
z are analogous to the external B field needed to study magnetization in finite volume, and 
they can be removed in the infinite volume limit. Therefore any dangerous counterterm will 
have to depend on this source which lifts the vacuum degeneracy, and therefore will involve 
IR physics in a nontrivial way. It seems plausible to the authors that the continuum (UV) 
and large volume (IR) limits of the lattice theory could be coordinated in such a way as to 
obviate the need for any fine tuning. Such an analysis has yet to be done. 

A alternative and potentially fruitful line of inquiry would be to analyze the anomalous 
dimensions of the undesirable operators (Lorentz violating, in general) in the gravitational 
dual to our lattices, as suggested in ref. [34]. 

Questions about the continuum limits of our lattices aside, the reader might ask of what 
use are these lattices we have constructed? There is little prospect for their numerical sim¬ 
ulation in the near future, as they entail both massless fermions as well as a sign problem^^ 

^®For example, the zero momentum sector of our lattices are equivalent to the matrix formulation of M- 
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from the fermion determinant, both of which render current Monte Carlo simulation methods 
impractical. In the long run we hope of course that such technical barriers can be surmounted, 
in which case the lattices given here could provide a rigorous window not only onto super- 
symmetric gauge dynamics, but into the behavior of quantum gravity and string theory as 
well. 

In the meantime, we believe there is value in simply showing that such a nonperturbative 
construction exists, in a formulation in which supersymmetry plays a major role. However, we 
have higher ambitions for these constructions, namely that analytic study of the supersym¬ 
metric lattices could provide valuable insights. Beyond the analysis of radiative corrections 
outlined above, several topics one might explore include: 

• Chiral symmetry. One interesting feature of our lattices is how global chiral symme¬ 
tries emerge without fine-tuning, and without resort to the standard constructions of 
chiral lattice fermions [36,37]; it would be interesting to understand whether fermion 
propagators on our lattice obey the Ginsparg-Wilson relation [38], or whether some new 
mechanism is at play. 

• Gauge duality. It may be possible to analyze these lattices along the lines of ref. [39] in 
order to try to shed light on the fascinating dualities present in A7 = 4 SYM theory in 
four [3] and three [40-42] dimensions. 

• The large Nc limit and the gravity dual. It may also be possible to analyze the large 
Nc limit of these lattice gauge theories with the hope of learning more about the grav¬ 
ity/string theory dual [34], exploiting the AdS/CFT correspondence [5]. 

We have no doubt that other interesting directions to explore exist which have not occurred 
to us at present. 
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theory discussed in Ref. [35], where it was shown there is a sign problem. Furthermore, there is no reason to 
expect the continuum target theories to have a real, positive fermion determinant since these SYM theories 
involve both gauge and Yukawa interactions (unlike the special case of W = 1 SYM in d = 4 dimensions, where 
there are no scalars and positivity of the fermion Pfaffian can be proven). 
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A. An explicit gamma matrix basis 


Here we give an explicit chiral basis for the 50(10) gamma matrices used in this paper, which 
can be useful for explicit computations. They are given in the form of a direct product of 
Pauli matrices, and have the symmetry property eq. {2A) that the first five are antisymmetric, 
and the second five are symmetric: 


Pi = cj2<8)(Ti(8)1(8)1(8)1 
r2 = (T2(8)(T3(8 )iti(8)1(8)1 

Ts = (T2 (g) (T3 (g) (73 (g) (Ti (g) 1 

r4 = (72 (g) (73 (g) (73 (g) (73 (g) (7i 

Ps = 72 <g) (73 (g) (73 (g) (73 (g) 73 

Pg = 72(g)72<g)l(g)l(g)l 
r7 = 72(g)73(g)72<g)l<g)l 
Tg = 72 (g) 73 (g) 73 (g) 72 (g) 1 
Pg = 72 (g) 73 (g) 73 (g) 73 (g) 72 
PlO = —7i (g)l(g)l(g)l(g)l 

Pll = 73(g)l(g)l(g)l(g)l 

C = —72 (g) 7l (g) 72 <g) 7l (g) 72 . (A.l) 


The five fermionic raising and lowering operators Am 
are given in this basis by 


hiVm — A?m+b) defined in eq. (2.12) 


Ai = 72 <g) 7_ (g) 1 (g) 1 (g) 1 
A 2 = 72 <g) 73 (g) 7_ (g) 1 (g) 1 
^3 = 72 (g) 73 (g) 73 (g) 7_ (g) 1 
^4 = 72 <g) 73 (g) 73 (g) 73 (g) 7_ 

H5 = -i (7_ (g) + 7+ (g) P_ ) , 


where 




7l ± Z72 


2 


P± = 


(1 (g) 1 (g) 1 (g) 1) ± (73 (g) 73 (g) 73 (g) 73) 

2 


(A.2) 


(A.3) 


As described in 
of 50(10) under its 


§ the A operators can be used to decompose the spinor representation 
SU{5) subgroup. In this basis the highest weight spinor z/+ satisfying 


T11V+ = 


Al^iy+ = 0 


(A.4) 






corresponds to the state | TTTTT)) in n single index notation takes the simple form {i'+)a = 
Sal- Using the latter form, the decomposition eq. (^) becomes in this basis 


u={x + Un\A^A^ 




( ^ \ 

^45 

^35 

^34 

^25 

^24 

^23 

^15 

64 

63 

62 

—'tp^ 

\ 0 ) 


(A.5) 


where the bold 0 at the bottom of the spinor represents a column of sixteen zeros. 


B. Absence of doublers on the d = 4 lattice 


In this appendix we examine the free boson spectrum of the lattice action for the four di¬ 
mensional lattice and show that the formulation does not have any boson doublers at 
corners of the Brillouin zone. It then follows from supersymmetry that there are no fermion 
doublers either, saving one a somewhat more tedious calculation. The generalization to other 
dimensions is straightforward. 

To find the spectrum, we use the decomposition 




H“ XfYi -|- il/m 


-z 


T Xm '^ym 


m = 1,..., 5 . (B.l) 


/— t I I •'ym i ; "m — i 

y/2 \a J ^J2\a 

These are related to the continuum variables S and V (respectively the six scalars and four 
gauge fields of the J\f = 4 SYM theory in four dimensions) via the orthogonal matrix T of 


eq. (13.2S|) as 


Xr: 




Vm — 



(B.2) 


At quadratic order in x and y, the lattice action eq. (|3.17|) is 


1 


EE ^ 

R, m,n=l 


(R) X77 i(R 672) 


+ 


ym{^ ®n) 


— m ^ n 
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(B.3) 

where R = a is the coordinate of an lattice site, the rii, being integers and the 

being the lattice vectors of eq. ( 3.24 ). We compute the spectrum by means of a Fourier 
transform, 


m)-■ 

p 


(B.4) 


It is convenient to expand the momenta as 


P = '^Pugu 


(B.5) 


U=1 


in terms of the reciprocal lattice vectors gj^ defined by 


dfj, ■ gi, = /r, p = l,...,4 


(B. 6 ) 


so that Pu = p- The generate an lattice and are given by the simple roots of SU (5). 
The coefficients of p take on the discrete values in the Brillouin zone, pi, = 2Trpy/Na, with p^, 
being an integer in the interval (—A^/2, A^/2]. Note that since the lattice vectors e^, are not 
orthonormal, = p • p / ^t=i P^Pi'’^ rather if we define Ps = p • 05 = — Ylt=i P^^ then 

5 5 

=P^ , (B.7) 

m=l m=l 


where we used the property eq. (3.25) that X^m=i(®”i)/. 4 (em)i/ = 




The kinetic terms for the bosonic action then take the form 


25 


^Tr E [xm{p)M{pf Xm{-p) + ym{p) Gmn{p) yn(p)] 


(B. 8 ) 


where we have defined 
5 

M{pf =^rl, Gmn{p) = {M{pf6mn " V , (B.9) 

m=l 


with 

T"™ = sin, m = l,...,5. (B.IO) 

It is important for our investigation of doublers that "Pj/ 7 ^ 0 at the edge of the Brillouin zone, 
Py = vr/a. 

Note that the second term in the definition of G is a rank one matrix (as it is a product of 
vectors) with eigenvalue —M(p)^ (as easily computed from the trace of the matrix). Therefore 
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G is rank four with four degenerate eigenvalues equal to M(p)^. The zero eigenmode of G 
is proportional to Vn and is a consequence of gauge invariance. The remaining nine bosonic 
modes are degenerate for a given momentum, with eigenvalue M(p)^, which is seen to vanish 
only at p = 0 and not at the corners of the Brillouin zone. Therefore we have shown that 
there are no bosonic doublers, and that our procedure in the body of this paper of finding the 
continuum theory by expanding about p = 0 is justified. A similar analysis for the fermions 
is possible but unnecessary, as the exact supersymmetry precludes fermion doublers in the 
absence of their bosonic counterparts. 

It is a matter of a few lines to show that the continuum limit of action we found above is 


V 


dV 1 ^ 

(27r)4 2ff2 


6 4 

'S'a(p)/5'a(-p) + (/V 


a=l 




PfiPu) K(-p) 


(B.ll) 


as one would expect. 


C. Spinor notation in Enclidean space 

In this appendix we give our spinor notation for the Q = 4 exact supersymmetries in Euclidean 
space, which possesses an S'0(4) ~ SU{2)l x SU{2)r symmetry. 

Spinors in the (^,0) representation of SU{2 )l x SU{2)ji are unbarred and carry undotted 
indices; the (0, representation is barred and carries dotted indices. In Euclidean space, 
complex conjugation does not take one representation into the other. Indices are raised and 
lowered with the e tensor: 

= -ei 2 = 1 , (C.l) 

Singlets composed of two spinors are then represented by 

V’X = = (^^1X2 - V’2Xl) = -V’aX“ = XqV'" = XV' 

^X = ^dx" = (^ 2 Xi - ^1X2) = -x“^A = Xd^" = x^ 

The 4-vector representation is the ( 5 , 5 ) which can be represented as 
dotted and one undotted index. The invariant tensors are 

= (1’ > (C.5) 

where the vector index a = 0,..., 3 are never raised in Euclidean space. These matrices 
satisfy the relations 

(^a)““ = , Tr (TaUfe = 25ab, {^a)= 2^/5/ (C. 6 ) 


(C.3) 

(C.4) 

a matrix with one 


= —dji = €4 


J* — 


with 


f =e“%, 
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The SU{2)l and SU{2)ji generators respectively are given by 


{,^ab)a^ — ^ ^b^a^Qi j (^ab) ' ^ ^ {^a'^b ^a^b) 0 ■ 

D. Fermion decomposition for the d = 2 and d = 1 lattices 

To be explicit on how we define the S'O(IO) D 50(4) x 50(6) decomposition used in the d = 2 
lattice construction (whose structure is inherited by the d = 1 lattice as well), we define the 
7 matrices of the global 50(4) symmetry in terms of the 50(10) Tq, matrices of the mother 
theory to be 


7o = -r4 , 71=^10, 72 = r5 , 73 = Tg , 


(D.l) 


and the 50(4) generators 

Jaf) — [70)7/?] • (D'2) 

Then 50(4) ~ SU{2)l x SU{2)^ is defined by the SU{2) generators Li and Ri, i = 1,2,3 
defined by 


Li — 2 '^ 0 *) } Ri — 2 "^ 0 *) 


which satisfy the SU{2)l x SU{2)ji commutation relations 


(D.3) 


\Li,Lj^ — if-ijkLk 1 \Ri)Rj\ — RijkRk j 


(D.4) 


With these conventions, it is possible then to relate we can express them in terms of the 
A, ^mn and variables defined for the d = 4 lattice in eq. (^). The SU{3) triplet fermions 
are 


C = (3,2,1) = 


1 ^mnpc 
2 ^ snp 


V'" =(3,1,2) = 


Cm5 


m = 1,2,3, (D.5) 


where the "0 variables on the left side of the equation are those used in the d = 1, 2 lattices, 
while those on the right are the variables of eq. (^). Similarly, the 50(3) singlet fermions 
are given by 


A„ = ( 1 , 2 , 1 ) = 


?45 


A“ = (l,l,2) = 




(D.6) 


Thus, for example, in the particular basis of §^, the 16 of the mother theory is given by the 
spinor in eq. (A^), followed by the above substitutions to express it in terms of variables 
appropriate to the d = 2,1 lattices. 
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The decomposition of the bosons is simpler, with 


= (3,1,1), = (3,1,1), 


and 


{VaO'a)f^P — ( 1 ) 2 , 2 ) 


iV2 



( {vi + Zfg) (ns + znio) 

y(-t’5 + ivio) {va - ivg) 


(D.7) 


(D.8) 


with i^p"^)°‘{vaCra)^0'ipL being an SU{3) x SU{2)l x SU{2 )r singlet. 
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